Abstract. Let L be a positive definite (non-classic) ternary Z-lattice and let p be a prime such that a 1 2
Introduction
For a positive definite (non-classic) integral ternary quadratic form f px 1 , x 2 , x 3 q " ÿ 1ďiďjď3 a ij x i x j pa ij P Zq and an integer n, we define a set Rpn, f q " tpx 1 , x 2 , x 3 q P Z 3 : f px 1 , x 2 , x 3 q " nu, and rpn, f q " |Rpn, f q|. It is well known that Rpn, f q is always finite if f is positive definite. The theta series θ f pzq of f is defined by θ f pzq "
which is a modular form of weight 3 2 and some character with respect to a certain congruence subgroup. Finding a closed formula for rpn, f q or finding all integers n such that rpn, f q ‰ 0 for an arbitrary ternary form f are quite old problems which are still widely open. As a simplest case, Gauss showed that if f is a sum of three squares, then rpn, f q is a multiple of the Hurwitz-Kronecker class number.
Though it seems to be quite difficult to find a closed formula for rpn, f q, some various relations between rpn, f q's are known. One of the important relations is the Minkowski-Siegel formula. Let Opf q be the group of isometries of f and opf q " |Opf q|. The weight wpf q of f is defined by wpf q " ř rf 1 sPgenpf q 1 opf 1 q , where rf 1 s is the equivalence class containing f 1 . The Minkowski-Siegel formula says that the weighted sum of the representations by quadratic forms in the genus is, in principle, the product of local densities, that is, 1 wpf q ÿ rf 1 sPgenpf q rpn, f 1 q
where the constant c˚can easily be computable and α p is the local density depending only on the local structure of f over Z p . Hence if the class number of f is one, then we have a closed formula on rpn, f q. As a natural modification of the Minkowski-Siegel formula, it was proved in [6] and [12] that the weighted sum of the representations of quadratic forms in the spinor genus is also equal to the product of local densities except spinor exceptional integers (see also [11] for spinor exceptional integers). For any prime p ∤ 2df , the action of Hecke operators T pp 2 q on the theta series of the quadratic form f gives rpp 2 n, f q`ˆ´n df p˙r pn, f q`p¨rˆn p 2 , f˙"
Here, if n is not divisible by p 2 , then r´n p 2 , f¯" 0, and r˚pp 2 f 1 , f q is the number of primitive representations of p 2 f 1 by f . For details, see [1] and [5] . Another important relation comes from the Watson transformation. If a unimodular component of the ternary form f in a Jordan decomposition over Z p is anisotropic, then one may easily show that rppn, f q " rppn, Λ p pf qq, where Λ p pf q is defined in Section 2. Hence the theta series of f completely determines the theta series of λ p pf q. Unfortunately if a unimodular component of the ternary form f over Z p is isotropic, one cannot expect such a nice relation. In this article, we consider the case when a unimodular component of the ternary form f over Z p is isotropic.
The subsequence discussion will be conducted in the more adapted geometric language of quadratic spaces and lattices. The term "lattice" will always refer to a positive definite non-classic integral Z-lattice on an n-dimensional positive definite quadratic space over Q. Here, a Z-lattice is said to be non-classic if the norm ideal npLq of L is contained in Z. Let L " Zx 1`Z x 2`¨¨¨`Z x n be a Z-lattice of rank n. We write L » pBpx i , x j qq.
The right hand side matrix is called a matrix presentation of L. Any unexplained notations and terminologies can be found in [7] or [8] .
Let V be a (positive definite) ternary quadratic space and let L be a (non-classic)
xǫy, where ǫ P Zp . For any nonnegative integer m, let G L,p pmq be a genus on a quadratic space W such that each Z-lattice T P G L,p pmq satisfies
0˙K
xǫp m y and T q » pL p mfor any q ‰ p.
Here W " V if m is even, W " V p otherwise. The aim of this article is to show that if T P G L,p pmq for m " 0 or 1, then there are rational numbers a i , b i such that
In Section 4, we prove this statement in each case and compute the rational numbers a i 's, b i 's and the extra term explicitly. For the case when m " 2, we give an example such that the above statement does not hold, and prove that the above statement still holds for m " 2 if we additionally assume that n is divisible by p. In the case when m ě 3, we show that under some restriction, the above statement holds if we replace rpn, T q by rpp 2 n, T q´prpn, T q, and for any integer n not divisible by p, both rpn, T q and rppn, T q can be written as a linear summation of rppn, Sq's and rpn, Sq's, respectively, for S P G L,p pm`1q.
In some cases, the extra term in the above equation can be removed. To determine when it happens, we need to know some structure of the graph G L,p pmq defined by the equivalence classes in G L,p pmq and G L,p pm`1q. The definition and basic facts on the graph G L,p pmq will be treated in Section 3.
For any integer a, we say that a 2 is divisible by a prme p if p is odd and a " 0 pmod pq, or p " 2 and a " 0 pmod 4q.
A generalization of Watson transformation
Let L be a ternary Z-lattice. Recall that we are assuming that a (quadratic) Zlattice is non-classic and positive definite. For any prime p, the λ p -transformation (or Watson transformation) is defined as follows:
Let λ p pLq be the primitive lattice obtained from Λ p pLq by scaling V " L b Q by a suitable rational number. Assume that p is odd. If the unimodular component in a Jordan decomposition of L p is anisotropic, it is well known that
Hence rpn, λ p pLqq " rppn, Lq if pZ p -modular component of L p is nonzero, and rpn, λ p pLqq " rpp 2 n, Lq otherwise. One may easily show that (2.1) still holds for p " 2 unless
xαy, pα P Z 2 q.
The readers are referred to [3] for more properties of the operators Λ p . Let L be a ternary Z-lattice and let p be a fixed prime. In the remaining of this section, we always assume that in a Jordan splitting of L p , 
0˙K
x5δy over Z 2 for any δ P Z2 , any Z-lattice L such that L 2 is isometric to the above will also be considered when p " 2.
Definition 2.1. Assume that p is odd. For ǫ " 0 or˘1, we define
We also define S 2 p0, Lq " tx P L : Qpxq " 0 pmod 2qu and S 2 p˚, Lq " L´S 2 p0, Lq.
Let B " tx 1 , x 2 , x 3 u be a (ordered) basis of a ternary Z-lattice L and p be a prime. We define a natural projection map
where P 2 is the 2-dimensional projective space over the finite field F p . The set φ B pS p pǫ, Lq´pLq is denoted by s B p pǫ, Lq for any ǫ P t0, 1,´1u if p is odd and ǫ P t0,˚u otherwise. If the basis B is obvious, we will omit it. For each element 
and s 2 p˚, Lq " 4 and |s p p0, Lq| " 2p`1, |s p p1, Lq| " |s p p´1, Lq| " ppp´1q 2 and s 2 p˚, Lq " 2,
otherwise.
Proof. Since everything is trivial for p " 2, we assume that p is odd. For the unimodular case, see Theorem 1.3.2 of [7] . Assume that L p is not unimodular. Fix an ordered basis B " tx 1 , x 2 , x 3 u of L such that
for some δ P Z´pZ. Note that such a basis always exists by the Weak Approximation Theorem. Assume that x " a 1 x 1`a2 x 2`a3 x 3 P S p p0, Lq. Then a pmod pq. Therefore
The lemma follows from this. The case when ǫ "˘1 can be done in a similar manner. 
where δ P Zp such that´δ p¯" ǫ and,
for the latter case. If L p is not unimodular and ǫ " 0 then every Z-lattice M P Ω p p0, Lq is exactly contained in two genera. More precisely
Proof. Let L " Zx 1`Z x 2`Z x 3 and M P Ω p pǫ, Lq. Since pL Ă M , we may assume without loss of generality that M " Zpx 1`b2 x 2`b3 x 3 q`Zppx 2 q`Zppx 3 q. First assume that ǫ ‰ 0. Then we may further assume that´Q
for some binary sublattice m p of M p whose scale is p 2 Z p . The assertion follows from this. Assume that ǫ " 0 and L p is unimodular. In this case we may assume that
Finally assume that L p is not unimodular and ǫ " 0. In this case we may assume that the ordered basis B " tx 1 , x 2 , x 3 u satisfies every condition in Lemma 2.2. Then by a direct computation we know L p0,0,1q P Ω p p0, Lq satisfies the first local property and the others satisfy the second local property.
Lemma 2.4. Under the same assumptions given above, assume that
and
and M q » L q for any prime q ‰ 2.
Proof. The proof is quite similar to the above. This equality also holds for p " 2 if either ǫ " 0 and n is even or ǫ "˚and n is odd.
Proof. The lemma follows from the facts that
for any s, t P P 2 .
Under the same assumptions given above, one may easily show that dM " Let L and ℓ be ternary Z-lattices such that dℓ " p 4 dL. We definẽ
One may easily show that |tM P Ω p pǫ, Lq | M » ℓu| "rpℓ, Lq{opℓq for any ǫ P t0,˘1u or ǫ P t0,˚u.
Lemma 2.7. For any ternary Z-lattices ℓ and L such that dℓ " p 4 dL, we havẽ
Hence pS´1 is an integral matrix and ppS´1q t PRpℓ, Lq. This completes the proof.
Assume that a ternary Z-lattice L and a prime p satisfies the condition (2.2). In the remaining of this section, we additionally assume that ord p p4¨dLq ě 2. Let K " λ p pLq and let
For any integer n, we also define
In fact, every Z-lattice in gen sublattices of K with index p. They are, in fact,
Among these sublattices of K, there are exactly ppp`1q 2 lattices (p 2 lattices) that are contained in the genus of L if ord p p4¨dLq " 2 (ord p p4¨dLq ě 3, respectively) (for details, see [4] ).
Proposition 2.8. Assume that Z-lattices L and K and a prime p satisfies the above condition. Then for any integer n not divisible by p, we have where
Proof. Since proofs are quite similar to each other, we only provide the proof of the first case. Assume that Qpx 1 q " n for some x 1 P K. We will count the number of lattices containing the vector x 1 in Γ L p pΛ p pLqq. Note that for any vector y P K and any integer d not divisible by p, dy P M if and only if y P M for any M P Γ L p pΛ p pLqq. Hence we may assume that x 1 is a primitive vector in K. Then there is a basis tx 1 , x 2 , x 3 u of K such that for some integer t not divisible by p,
Among all sublattices of K with index p that are contained in the genus of L, those Z-lattices containing x 1 are K 2,0,β , for any β satisfying´´n 
rpn, Kq.
This completes the proof.
Proposition 2.9. Under the same assumption given above, if n is divisible by p, then we have
Proof. First we define
R˚pn, Kq " tx P K | Qpxq " n, x is primitive as a vector in K p u, r˚pn, Kq " |R˚pn, Kq|, and r ✸ pn, Kq " rpn, Kq´r˚pn, Kq. Let x 1 P K be a vector such that Qpx 1 q " n. We will compute the number of lattices containing x 1 in Γ L p pΛ p pLqq. By the similar reasoning to the above, we may assume that there is a primitive vector Ă x 1 P K and a nonnegative integer k such that
where 2b and e are integers not divisible by p. Among all sublattices of K with index p that are contained in the genus of L, those Z-lattices containing x 1 are K 2,0,β for any β. Therefore if ord p p4¨dLq " 2, we have ÿ
Suppose that ord p p4¨dLq ě 3. If there is a vector y P K such that 2Bpx 1 , yq ı 0 pmod pq, then there are exactly p lattices in Γ This completes the proof.
Finite (multi-) graphs and ternary quadratic forms
ternary Z-lattice on V . Let p be a prime such that L p »ˆ0 
Proof. Note that ř rN sPGL,ppm`1qr
is the number of sublattices X of T such that
Hence the first equality is a direct consequence of Lemmas 2.2, 2.3 and 2.4.
To prove the second equality, it suffices to show that there are exactly two sublattices of S with index p whose norm is pZ. By Weak Approximation Theorem, there exists a basis tx 1 , x 2 , x 3 u for S such that
where δ is an integer not divisible by p. Then for the following two sublattices defined by
one may easily show that Γ p,i pSq 1 p P G L,p pmq for any i " 1, 2. Furthermore, norms of all the other sublattices of S with index p are not contained in pZ. This completes the proof. Now we define a multi-graph G L,p pmq as follows: the set of vertices in G L,p pmq is the set of equivalence classes in G L,p pmq, say, trT 1 s, rT 2 s, . . . , rT h su. The set of edges is exactly the set of equivalence classes in G L,p pm`1q, say, trS 1 s, rS 2 s, . . . , rS k su. For each equivalence class rS w s P G L,p pm`1q, two vertices contained in the edge named by rS w s are defined by rΓ p,1 pS w q that is defined in Lemma 3.1 is contained in G L,p pmq. Note that the graph G L,p pmq is, in general, a multi-graph that might have a loop. We define an hˆk integer matrix M L,p pmq " pm ij q as follows:
Then Lemma 3.1 implies that |Φ p pT q| " p`1 if m " 0, |Φ p pT q| " 2p otherwise.
Lemma 3.2. Let T P G L,p p0q and S, S 1 P Φ p pT q pS ‰ S 1 q be ternary Z-lattices on V and V p , respectively. Then there is a unique Z-lattice M P Ψ p pT q such that
Proof. For any S, S 1 P Φ p pT q, we have pS Ă S 1 . Furthermore since S ‰ S 1 and ord p p4dSq " 1, S 1 {pS » Z{pZ ' Z{p 2 Z. Therefore, there is a basis x 1 , x 2 , x 3 for S 1 such that
and pBpx i , x j"¨p 
Then one may easily show that λ p pM q " T and tΓ p,1 pM q
. Furthermore for any such a Z-lattice M 1 , we have Γ p,i pM 1 q 1 p P Φ p pT q for any i " 1, 2 and |Φ p pT q| " p`1. Now the uniqueness of M follows from this observation.
The above lemma says that if T P G L,p p0q, then there is always an edge containing rSs and rS 1 s for any S, S 1 P Φ p pT q. However this is not true in general if T P G L,p pmq for a positive integer m. 
0˙K
xp m δy pmod p m`1 q, where δ is an integer not divisible by p. We may assume that
One may easily check that
and Ψ p pT q " tM α,β " Zpx 1`α x 3 q`Zpx 2`β x 3 q`Zpx 3 : 0 ď α, β ď p´1u.
Since λ p pM˚, β q " Γ p,1 pT q 1 p and λ p pM α,˚q " Γ p,2 pT q 1 p for any 0 ď α, β ď p´1, there are τ, η such that S " M˚, τ and S 1 " M η,˚.
Figure
Now, one may easily check that M η,τ is the unique lattice in Ψ p pT q satisfying
This completes the proof. 
The Lemma follows from this. Proof. Note that "only if" part is trivial. Assume that rλ p pM qs and rλ p pM 1 qs are connected by a path with edges rS 1 s, rS 2 s, . . . , rS k s as in Figure 3 .3, where We investigate the graph G L,p p0q in more detail. Let T P G L,p p0q be a Z-lattice. Note that the graph ZpT, pq constructed in [9] is slightly different from our graph (see also [2] ). In fact, the graph ZpT, pq is a tree having infinitely many vertices. However our graph is finite and might have a loop. Two vertices rT i s, rT j s P G L,p p0q are connected by an edge if and only if there are Z-lattices T jppq " pjP J Q such that j p " p and j q " 1 for any prime q ‰ p.
We say that G L,p p0q is of O-type if each connected component of G L,p p0q contains only one spinor genus, and it is of E-type otherwise. If G L,p p0q is of E-type, then adjacent classes are contained in different spinor genera (for details, see [2] ), that is, each connect component of the graph G L,p p0q is a bipartite graph.
Assume that (3.1) G L,p p0q " trT 1 s, rT 2 s . . . , rT h su and G L,p p1q " trS 1 s, rS 2 s, . . . , rS k su are ordered sets of equivalence classes in each genus. We define
In fact, M equals to M L,p p0q, which is defined earlier. There is a nice relation between M, N and the Eichler's Anzahlmatrix π p pT q defined in [5] .
Definition 3.6. Under the assumptions given above, the matrix
is called the Eichler's Anzahlmatrix of T at p.
Note that π p pT q is independent of the choice of the lattice T P G L,p p0q.
Proof. First we show that r RpS p , T q " RpS p , T q. Suppose that there is a σ P RpS p , T q such that T {σpS p q » Z{p 2 Z. Then there is a basis for T such that
Since npσpS pĂ pZ, we have
This is a contradiction to the fact that 4dT is not divisible by p. Therefore the lemma follows from Lemma 2.7.
Proposition 3.8. Under the notations and assumptions given above, we have
Proof. Let U ij be the set of sublattices X of T j such that X » pT i and T j {X fi Z{pZ ' Z{pZ ' Z{pZ, and let V ij be the set of sublattices Y of T j such that
p with index p defined in Lemma 3.1. Note that π p pT q ij " |U ij |. Now we define a map Φ : U ij Þ Ñ V ij as follows. Assume that X P U ij . Then one may easily show that T j {X » Z{pZ ' Z{p 2 Z. Hence there is a basis x 1 , x 2 , x 3 for T j such that
Since the integer 4dpT j q is not divisible by p and Qpx 1 q " 0 pmod p 2 q, 2Bpx 1 , x 2 q " 0 pmod pq, neither Qpx 2 q nor 2Bpx 1 , x 3 q is divisible by p. Define ΦpXq :" Y "
Hence it is independent of the choice of basis for T j . Furthermore one may easily check that ΦpXq " Y P V ij . Conversely, there are exactly two sublattices of Y 1 p with index p whose norm is contained in pZ, and one of them is equal to T p j . If we define the other one, as a sublattice of Y , by ΨpY q, then Φ˝Ψ " Ψ˝Φ " Id. Therefore π p pT q ij " |V ij |. Now from the definition,
where
Since rpT p j , S w q " rpS p w , T j q by Lemma 3.7,
by Lemma 3.1. The proposition follows from this.
The following theorem states that the rank of M L,p p0q " M is related with some properties of the graph G L,p p0q. 
Assume that G L,p p0q is of O-type. Without loss of generality, we may assume that G L,p p0q is connected, that is, every Z-lattice in G L,p p0q is spinor equivalent. It is well known that the rank of an incidence matrix of a connected graph GpV, Eq over F 2 is |V |´1. Furthermore if the graph G contains an odd cycle, then the rank of the incidence matrix of G over Q is equal to the number of vertices. Hence it suffices to show that the graph G L,p p0q contains an odd cycle, even though it might contains a loop. Assume that rT 1 s and rT 2 s be adjacent vertices in G L,p p0q. Since they are spinor equivalent, there is an isometry σ P OpV q and Σ " pΣ p q P J 1 V such that T 1 " σΣpT 2 q, where V " Q b T 1 . Let Φ " tq P P´tpu | pσ´1pT 1" pT 2u and Ψ " P´pΦ Y tpuq, where P is the set of all primes. Now by Strong Approximation Theorem for Rotations, for any ǫ ą 0, there is a rotation τ P O 1 pV q such that }τ´Σ q } q ă ǫ for any q P Ψ and }τ } q " 1 for any q P Φ.
Therefore we have σ´1pT 1" τ pT 2for any q ‰ p and Σ p˝τ´1 pτ pT 2 q p q " σ´1pT 1 q p , where Σ p˝τ´1 P O 1 pV p q. Consequently, there is an even integer n and a basis tx 1 , x 2 , x 3 u for τ pT 2 q such that τ pT 2 q " Zx 1`Z x 2`Z x 3 and σ´1pT 1 q " Zpp n x 1 q`Zpp´nx 2 q`Zx 3 , by Lemma 4.2 of [2] . This implies that there is a path from rT 1 s to rT 2 s with even edges, and hence the graph G L,p p0q contains an odd cycle. Assume that G L,p p0q is of E-type. Since any two adjacent vertices are contained in different spinor genera in this case, it is a bipartite (multi-) graph. Therefore the rank of the matrix M L,p p0q is h´1.
(2) ô (3) : Note that rankpMq " rankpMN t q. Hence the assertion follows directly from Proposition 3.8.
(1) ô (4) : Note that g`pLq " rJ Q : P D J L Q s for any genus L with rank greater than 2. Since
Now, we consider the general case. For any positive integer m, we say that a graph G L,p pmq is of E-type if m is even and G L,p p0q is of E-type, and O-type otherwise.
Assume that G L,p pmq is of E-type and M P G L,p pmq. Since the map λ Proof. First, we prove the case when m " 1. Assume that M 1 P spnpM q. Then there are σ P P V and Σ P J 1 V such that M 1 " σΣM (see [8] ). Since Γ p,i pM q's are the only sublattices of M with index p whose norm is pZ, we have Proof. We already proved the case when m " 0 in Theorem 3.9. Assume that m " 1. Let T P G L,p p0q be any Z-lattice. Then there are at least three Z-lattices, say S 1 , S 2 , S 3 , in Φ p pT q X G L,p p1q. Now by Lemma 3.2, rS i s and rS j s are connected by an edge for any 1 ď i ‰ j ď 3. Hence the graph G L,p p1q contains a cycle of length 3 or a loop. For the general case, we may apply Lemma 3.5 to prove the theorem.
Representations of integers by ternary quadratic forms
Throughout this section, we assume that a Z-lattice L and a prime p satisfies all conditions given in Section 3. For a nonnegative integer m, let T P G L,p pmq be a ternary Z-lattice and let S P G L,p pm`1q be a ternary Z-lattice such that rpT p , Sq ‰ 0. This implies that rT s is one of vertices contained in the edge rSs in the graph G L,p pmq. We assume that (4.1) CspnpT q " trT 1 s, rT 2 s . . . , rT u su and CspnpSq " trS 1 s, rS 2 s, . . . , rS v su are ordered sets of equivalence classes. The aim of this section is to show that if m ď 2, then there are rational numbers a i and b i such that for any integer n (any integer n divisible by p only when m " 2), (4.2) rpn, T q "
For a while, we assume that m is an arbitrary nonnegative integer. The following two propositions will be used repeatedly. Proof. By Weak Approximation Theorem, there exists a basis tx 1 , x 2 , x 3 u for S such that pBpx i , x j"ˆ0 
0˙K
xp m`1 δy pmod p m`2 q, where δ is an integer not divisible by p. As in Lemma 3.1, let Γ p,1 pSq " Zpx 1`Z x 2`Z x 3 , Γ p,2 pSq " Zx 1`Z px 2`Z x 3 .
Since Qpxq " a 1 a 2 pmod pq for any x " a 1 x 1`a2 x 2`a3 x 3 P S, we have Qpxq " 0 pmod pq if and only if a 1 " 0 pmod pq or a 2 " 0 pmod pq. Hence x P Rppn, Sq if and only if x P Rppn, Γ p,1 pSqq Y Rppn, Γ p,2 pSqq
Furthermore since Γ p,1 pSq X Γ p,2 pSq " Λ p pSq, we have rppn, Sq " rppn, Γ p,1 pSqq`rppn, Γ p,2 pSqq´rppn, Λ p pSqq for any integer n. Note that Γ p,1 pSq and Γ p,2 pSq P genpT p q are the only sublattices of S that are contained in genpT p q. Furthermore, since the edge rSs in G L,p p0q
contains the vertex rT s by assumption, we have Γ p,1 pSq
For any j such that 1 ď j ď v, the edge named by rS j s contains two vertices, one of them, say rT ie s, is contained in spnpT q and the other, say rT j f s, is contained in spnpT q. Hence the first equation in p4.6q implies that α ie rpT p ie , S j q opS j q`α j f rpT p j f , S j q opS j q " 0.
Therefore α ie¨αj f ď 0. Since the subgraph of G L,p p0q consisting of vertices in CspnpT q is a connected bipartite graph, each α ie (α j f ) is 0, or it has the same sign to α i1 (α j1 , respectively). Therefore α l " 0 for any l " 1, . . . , u and rankpÑ q " u. This completes the proof. Proof. From the above lemma, we know that rankpÑ q " u. The theorem follows directly from the equations (4.4) and (4.7).
Note that rppn, spnpT qq´rppn, spnpTcan easily be computed by the formula given in [11] . nd N "ˆ8 4 8 4˙.
Since rankpMq " 1, the graph G L,p p0q is of E-type by Theorem 3.9. Note thatÑ "ˆ8 If n is divisible by p, then Rpn, spnpTis equal to Therefore, the theorem follows from equations p4.12q, p4.13q, p4.15q and p4.16q. If we replace N byÑ , then the proof of the case when G L,p p2q is of E-type is quite similar to this.
